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Abstract
For a symplectic monotone manifold (P,ω) and φ ∈ Symp0(P,ω), we define a Z-graded
symplectic Floer cohomology (a local invariant) over integral coefficients. There is a spectral
sequence which arises from a filtration on the Z-graded symplectic Floer cochain complex. The
spectral sequence converges to the Z2N -graded symplectic Floer cohomology (a global invariant).
We show that there are cross products on the Z-graded symplectic Floer cohomology and on the
spectral sequence, hence on the usual Z2N -graded symplectic Floer cohomology. The Künneth
formula for the Z-graded symplectic Floer cohomology is proved and similar results for the spectral
sequence are obtained. Ó 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let (P,ω) be a closed, arcwise connected, oriented, compact symplectic manifold with a
closed non-degenerate 2-form ω. For a general diffeomorphism, the Lefschetz fixed point
theorem gives the existence of the fixed points of the diffeomorphism if the Lefschetz
number is nonzero. Arnold conjectured that the Lefschetz fixed-point theory for exact
diffeomorphisms (or Hamiltonian diffeomorphisms Ham(P,ω)) should be replaced by
a Morse-type critical point theory. For the historical account of the Arnold conjecture,
we refer to [2] and recent work [8,15] which proves the Arnold conjecture in general by
Fukaya and Ono, Liu and Tian, and Ruan. Note that a general symplectic diffeomorphism
φ ∈ Symp(P,ω) may not have any fixed point. For instance, an irrational rotation on an
even dimensional torus with standard symplectic structure is a symplectic diffeomorphism
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without fixed points. It is an interesting question to estimate the fixed points for symplectic
diffeomorphisms (denoted by Symp0(P,ω)) isotopic to the identity through symplectic
diffeomorphisms. Floer [3, p. 123] asked the same question for general symplectic
diffeomorphisms. Associated to φ ∈ Symp0(P,ω) there is a Novikov ring with fixed Calabi
invariant. Le Hong Van and Ono [11] answered the analogue of the Arnold conjecture in
terms of the Betti number of the Novikov homology over Z2.
In this paper, we are going to study the symplectic Floer cohomology for φ ∈
Symp0(P,ω) over the integral coefficients instead of the associated Novikov ring over
Z2. We link the cohomology of the symplectic manifold (P,ω) with symplectic quantum
effects in the symplectic Floer cohomology HF∗(φ,P ). This arises from the fact that
the symplectic Floer cohomology of φ ∈ Symp0(P,ω) for even symplectic monotone
manifolds is not necessarily the cohomology of (P,ω). Examples of this phenomenon have
been given in [13,19] for Lagrangian submanifolds and Hamiltonian diffeomorphisms.
The quantum effects from non Morse-type J -holomorphic curves measure the discrepancy
between the symplectic Floer cohomology and the cohomology of the manifold (P,ω).
The general definition of the symplectic Floer cohomology has been undertaken by
many authors (for example, see [2,6,8,15,23]). But the non-trivial calculation other than
the identification from the Arnold conjecture has not been done. The only nontrivial
calculation, to the author’s knowledge, is the symplectic Floer homology of granny knots
and square knot in [14]. Further applications in the symplectic world are still waiting to be
explored. In this paper, we take the first step to analyze non Morse-type J -holomorphic
curves in the symplectic Floer cohomology by using algebraic topology methods. We
define a Z-graded symplectic Floer cohomology (local invariant) for monotone symplectic
manifolds (P,ω) and φ ∈ Symp0(P,ω) by restricting the energy band from regular values
of a symplectic action aH . It turns out that there is a natural filtration for the Z2N -graded
Floer cochain groups via the Z-graded Floer cochain groups, where N > 0 is the minimal
Chern number with NZ = c1(pi2(P )). Such a filtration induces a spectral sequence with
E1-terms given by the Z-graded symplectic Floer cohomology. The spectral sequence
converges to the usual Z2N -graded symplectic Floer cohomology (exactly the quantum
effect in different levels with respect to the symplectic energy). Our Z-graded symplectic
Floer cohomology plays the role of a first-order approximation of the Z2N -graded Floer
cohomology in terms of the higher differentials.
The Z2N -graded symplectic Floer cohomology is an infinite-dimensional version of
Morse theory with a symplectic action aH as a Morse functional and a contractible path
space Ωφ as an underlying manifold. By analyzing the behavior of the symplectic action
aH on the universal covering Ω˜φ ofΩφ , we associate in §2.2 to each x ∈ Fixφ and r ∈Rφ
(the set of regular values of the symplectic action aH ) a well-defined integer µ(r)(x) ∈ Z
and define the Z-graded symplectic Floer cochain groups
C(r)n (φ,P )=
{
x ∈ Fixφ | µ(r)(x)= n}.
In this way, we have the usual Floer cochain group
Cj(φ,P )=
∑
k∈Z
C
(r)
j+2Nk(φ,P ) for j ∈ Z2N .
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We define a restricted Floer coboundary map ∂(r) :C(r)n (φ,P )→ C(r)n+1(φ,P ) similar to
that of Floer’s [2,13] and show that ∂(r) ◦ ∂(r) = 0 in Lemma 2.6. Thus the cohomology
of the cochain complex (C(r)n (φ,P ), ∂(r)) is the Z-graded symplectic Floer cohomology
I
(r)∗ (φ;P) for the symplectic monotone manifolds (P,ω) and φ ∈ Symp0(P,ω). The new
local invariant I (r)∗ (φ;P) serves as a first approximation (integral lifting) of the Z2N -
graded symplectic Floer cohomology HF∗sym(φ,P ). Our construction borrows ideas from
the instanton Floer theory in [7]. But our spectral sequence is very different from the
Fintushel–Stern spectral sequence. In general, ours is not a symplectic invariant for each
term, only the E∞∗,∗ term is a symplectic invariant. On the other hand, each term Ek∗,∗ in [7]
is an instanton invariant for integral homology 3-spheres.
Theorem 2.11. For N 6= 1,
(i) There is a spectral sequence (Ekn,j ,dk) with
E1n,j (φ;P,J )∼= I (r)n (φ;P,J ), n≡ j (mod (2N)),
and the higher differential dk :Ekn,j (φ;P,J )→Ekn+(2N)k+1,j+1(φ;P,J ), and
E∞n,j (φ;P,J )∼= F (r)n HFj (φ;P,J )/F (r)n+(2N)HFj (φ;P,J ).
(ii) The spectral sequence (Ekn,j ,dk) converges to HF∗sym(φ,P ) (the Z2N -graded
symplectic Floer cohomology).
From Theorem 2.11, we see the complexity of estimating the fixed points for φ ∈
Symp0(P,ω). By the work of Floer [2,4], the cohomology cup-product on the symplectic
Floer cohomology is a symplectic topology invariant of (P,φ), and it must be taken
into account when formulating fixed-points estimates for φ ∈ Symp0(P,ω). We study
the exterior product structure for the symplectic Floer cohomology as the first step.
There is a close relation between the cross product and the cup product for the usual
cohomology [24]. For monotone symplectic manifolds (P,ω) and φ ∈ Symp0(P,ω), we
obtain that the Z-graded Floer cochain complex of the product space (P×P,ω ⊕ ω) is
the tensor product of two Z-graded Floer cochain complexes (see Lemma 3.4). Then we
study the coboundary map on the tensor product of two cochain complexes by Lemma 3.6
and Proposition 3.7. We therefore show that there is a Künneth formula for the Z-graded
symplectic Floer cohomology. Such an algebraic topology result is new for the symplectic
Floer theory.
There is no obvious Künneth formula for the Z2N -graded symplectic Floer cohomology
when HF∗sym(φ,P ) 6= H ∗(P ). In particular, there is a widely open subject on the study
of torsions in the Z2N -graded symplectic Floer cohomology. With PID coefficients, we
can prove that there is a Künneth formula for the usual Z2N -graded symplectic Floer
cohomology. Even for monotone symplectic manifolds (P,ω) and φ ∈ Ham(P,ω), our
result contains the torsion contributions in the Künneth formula. For φ ∈ Symp0(P,ω),
the Künneth formula precisely follows from the construction of our Z-graded symplectic
Floer cochain groups, and the Künneth formula for the Z2N -graded Floer cohomology of
φ ∈ Symp0(P,ω) is much more complicated with the quantum effect interactions. Note
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that the torsion elements play an essential role in the study of algebraic topology, and the
torsion elements in the symplectic Floer cohomology should also play a key role in the
study of the symplectic topology of (P,φ).
Theorem 3.8 (Künneth formula for the Z-graded symplectic Floer cohomology). For
r = Lφ×φ/8, there is a short exact sequence for all n ∈ Z,
0 →
⊕
n1+n2=n
I (r)n1 (φ;P)⊗I (r)n2 (φ;P)→ I (r,r)n (φ×φ;P×P)
→
⊕
n1+n2=n+1
Tor
(
I (r)n1 (φ;P), I (r)n2 (φ;P)
)→ 0.
The Künneth formula assures that there exists a cross product on the Z-graded
symplectic Floer cohomology I (r)∗ (φ;P). Furthermore, we verify that the cross product
on I
(r)∗ (φ;P) is a morphism between spectral sequences. Thus it induces cross products
on the spectral sequence and on the Z2N -graded symplectic Floer cohomology (see
Theorem 3.12). Such an exterior product structure on the symplectic Floer cohomology
has not been studied before to the author’s knowledge. Our result on cross products is the
following.
Theorem 3.12. For j1, j2 ∈ Z2N , there are cross products for all spectral sequences
Ek∗,∗(k > 1):
hk :Ekn1,j1(φ,P,J1)⊗Ekn2,j2(φ,P,J2)→Ekn1+n2,j1+j2(φ×φ;P×P,J1×J2),
where Ekn1+n2,j1+j2(φ×φ;P×P,J1×J2) is induced from Proposition 3.9. The cross
products {hk} converge to a cross product h for the Z2N -graded symplectic Floer
cohomology
h : HFj1sym(φ,P )⊗HFj2sym(φ,P )→HFj1+j2sym (φ×φ;P×P).
There are many articles on the quantum products and pair-pants operations (see [20–
22]) for Hamiltonian symplectic diffeomorphisms. There are quantum product structures
in the symplectic Floer cohomology, i.e., the quantum cohomology ring is isomorphic
to the Floer cohomology ring [20,22]. Note that a quantum product structure is a
deformed cup-product structure on the cohomology of (P,ω). As there is an isomorphism
H ∗(P,ω) ∼= HF∗sym(φ,P ) for φ ∈ Ham(P,ω), the product structure on HF∗sym(φ,P ) is
given by ∪q = ∪ + (quantum effect). Our intrinsic product structure should be related
to the one defined in [20,22] for Hamiltonian symplectic diffeomorphisms somehow. If
the symplectic Floer cohomology (P,φ) is not the same as the cohomology of (P,ω)
(φ ∈ Symp0(P,ω) \ Ham(P,ω)), then the product structure on HF∗sym(φ,P ) is quite
important for understanding the symplectic topology of (P,ω). In this case, the Künneth
theorem is very complicated for φ ∈ Symp0(P,ω) (see the discussions and the example
in §3). The cross product in Theorem 3.12 is the first step toward the goal of cup-product
structure on HF∗sym(φ,P ) for φ ∈ Symp0(P,ω).
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The paper is organized as follows: Section 2 contains a brief review of the usual
symplectic Floer cohomology in Section 2.1 and the construction of the Z-graded
symplectic Floer cohomology in Section 2.2. The filtration and induced spectral sequence
are given, and Theorem 2.11 is proved in Section 2.3. Section 3.1 is devoted to
proving Theorem 3.8. The induced Künneth formulae for the Ek∗,∗-terms of the spectral
sequence and HF∗sym(φ,P ) are proved in Section 3.2. The existence of cross products
(Theorem 3.12) is proved in Section 3.2 as well. An example to illustrate the use of the
spectral sequence and the cross product is given at the end.
2. The symplectic Floer cohomology for symplectic fixed points
2.1. Review of the symplectic Floer cohomology
See [2,8,15] for more details. Let (P,ω) be a compact (or tamed) symplectic manifold
with a closed non-degenerate 2-form ω. The 2-form ω defines a second cohomology
class [ω] ∈ H 2(P,R). By choosing an almost complex structure J on (P,ω) such that
ω(·, J ·) defines a Riemannian metric, we have an integer-valued second cohomology
class c1(P ) ∈H 2(P,Z) (the first Chern class). These two cohomology classes define two
homomorphisms
Iω :pi2(P )→R; Ic1 :pi2(P )→ Z.
We call the symplectic manifold (P,ω) monotone if
Iω = αIc1 , for some α > 0.
For φ ∈ Symp0(P,ω), we define the space of smooth contractible paths
Ωφ =
{
γ :R→ P | γ (s + 1)= φ(γ (s)), [φ−1 ◦ γ ] = 0 ∈ pi1(P )
}
.
Let H :R×P → R (H(s, x) = Hs(x)) be a C∞ time-dependent Hamiltonian function
with Hs =Hs+1 ◦ φ, and ψs be the symplectic diffeomorphism generated by H . We have
ψs+1 ◦ φH = φ ◦ ψs with φH = ψ−11 ◦ φ. The (perturbed) symplectic action functional
aH :Ωφ→R/2αNZ is defined as a functional whose differential is given by
daH(γ )ξ =
1∫
0
ω
(
γ˙ + J∇Hs(γ ), ξ
)
ds, (1)
where N is the minimal Chern number defined by Ic1(pi2(P )) = NZ with N > 0. So the
critical points of aH are in one-to-one correspondence with the elements in the fixed-point
set Fix(φH ).
Let J (P,ω) be the space of ω-compatible almost complex structures in the sense
that for X,Y ∈ TpP, ω(JX,JY )= ω(X,Y ) and gJ (X,Y )= ω(X,JY ) is a J -invariant
Riemannian metric on P . Choose a smooth map R→ J (P,ω) : s 7→ Js such that Js =
φ∗Js+1. Such a structure induces a L2-metric on Ωφ . With respect to this metric, the
gradient flow of aH is a connecting orbit u :R2→ P satisfying
∂J,H (u)= ∂tu+ Js(u)
(
∂su−Xs(u)
)= 0 ∈ Γ (Λ0,1(u∗TP)), (2)
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u(s + 1, t)= φ(u(s, t)), (3)
E(u)= 1
2
∫
R
1∫
0
(|(∂su−Xs(u))|2 + |∂tu|2)ds dt <∞, (4)
lim
t→+∞u(s, t)=ψs(y), limt→−∞u(s, t)=ψs(x), (5)
x = φH (x), y = φH (y).
(See [2,8,10,15].) LetM(x, y) be the space of solutions u of (2)–(5) with x, y ∈ Fix(φH ).
Any u ∈M(x, y) has energy E(u)= aH (y)− aH (x) (mod2αNZ).
For a generic choice of (J,H),M(x, y) is a set of countably many components, which
are smooth manifolds with dimension µu(x, y) ≡ µ(y) − µ(x) (mod 2N). The Maslov
class
µ : Fix(φH )→ Z2N
is defined up to an additive constant such that for every u ∈M(x, y),
µu(x, y)≡ µ(x)−µ(y) (mod 2N).
Let Cj be the free Z-module generated by x ∈ Fix(φH ) with µ(x)≡ j (mod 2N). Then
the Floer coboundary map
δ :Cj →Cj+1, x 7→
∑
−µ(x)+µ(y)=1
#M̂(x, y)y, (6)
is defined by taking the sum of the algebraic number over all one-dimensional components
of M̂(x, y), where M̂(x, y)=M(x, y)/R is the moduli space of J -holomorphic curves
modulo time translations (see [2,6]). One can check that δ is well-defined and δ ◦ δ = 0.
The cohomology of this cochain complex (Cj , δ) is the Z2N -graded symplectic Floer
cohomology for symplectic fixed points:
HF∗sym(φ,P ;H,J )= kerδ/ Imδ, ∗ ∈ Z2N.
The symplectic Floer cohomology groups are independent of the almost complex structures
Js and the perturbationsH ∈Hreg used in the construction. There is a natural isomorphism
HF∗sym(φ0,P ;H 0, J 0)∼=HF∗sym(φ1,P ;H 1, J 1),
whenever φ0 and φ1 are related by a Hamiltonian isotopy.
For the monotone symplectic manifold (P,ω), there are Z2N -graded symplectic Floer
cohomology groups HF∗sym(φ,P ) for every symplectic diffeomorphism φ. The Euler
characteristic of the symplectic Floer cohomology is the Lefschetz number of φ,
χ
(
HF∗sym(φ,P )
)= L(φ).
If there are degenerate fixed points, then one can choose a Hamiltonian perturbation. For
any two symplectic diffeomorphisms φ,ψ , there is a natural isomorphism
HF∗sym(φ,P )
∼=→HF∗sym(ψ ◦ φ ◦ψ−1,P ) (7)
(see [16,20] for the Donaldson quantum category).
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2.2. The Z-graded symplectic Floer cohomology
In order to extend the Z2N -graded symplectic Floer theory HF∗sym(φ,P ) to one with a
Z-graded theory, we make use of an infinite cyclic cover Ω˜φ of Ωφ so that the symplectic
action aH on Ω˜φ and the Maslov index function µ on Z˜φ are defined as aH : Ω˜φ → R
and µ : Z˜φ → Z. From (1), the functional aH on Ωφ is only defined up to 2αNZ, i.e.,
aH :Ωφ → R/(2αNZ) from the different topology classes in pi2(P ). The functional aH
on Ωφ and its lift on Ω˜φ are clearly distinguished from the context.
For an arcwise connected manifold P and αi ∈ Ωφ (i = 0,1), there is a path γ in P
connecting α0(0) to α1(0). Thus γ ◦ α0 ◦ γ−1 is a path starting at α1(0) and ending at
φ−1 ◦ α1(0). The space Ωφ is path connected and pi1(Ωφ,α0) is independent of the base
point α0 ∈Ωφ . Take z0 ∈ Fix(φH )⊂Ωφ . We denote Fix(φH ) by Fixφ for simplicity.
Lemma 2.1. There exists a universal covering space Ω∗φ of Ωφ .
Proof. The function space Ωφ = Map(I,0,1;P,z0) has the homotopy type of a CW
complex and therefore it admits an associated universal covering space. By Milnor’s
Theorem 3.1 in [17], there is a universal covering space Ω∗φ of Ωφ . Note that over this
CW complex there is a universal covering space and so we can pull-back via the homotopy
equivalence to the covering space over Map(I,0,1;P,z0). As long as we work in the CW
category this covering space is as good as the universal covering space. 2
Lemma 2.2. The transformation group is pi2(P, z0).
Proof. Let u(t) ∈Ωφ be a map from I to P with u(t)(0)= u(t)(1)= z0 and φ−1 ◦u(t)(s)
a contractible path parameterized by the variable s. Any loop u(t) ∈ Ωφ with u(0) =
u(1)= z0 ∈ Fixφ is a map
u :
(
I×I, I×{0,1} ∪ {0,1}×I)→ (P, z0). (8)
Note that the set of homotopy classes of maps in (8) is in one-to-one correspondence with
pi2(P, z0) (see [24]). 2
The transformation group pi2(P, z0) is Abelian. From the map aH :Ωφ→ R/(2αNZ),
we pullback the universal covering space of R/(2αNZ)∼= S1 overΩφ :
Ω˜φ = a∗H(R) a˜H R
Ωφ
aH R/(2αNZ)
The pullback a∗H(R)= Ω˜φ→Ωφ is an infinite cyclic subcovering space of the Abelian
universal covering space Ω∗φ ,
pi1(Ω˜φ)= Z G pi1(Ω∗φ)= pi2(P, z0).
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Now the closed 1-form daH (z) is the differential of the functional a˜H : Ω˜φ→ R defined
up to an additive constant. By adding a constant, we have a˜H (z0) = 0. For g ∈ pi1(Ω˜φ) G
pi2(P ), we have
a˜H
(
g(x)
)= a˜H (x)+ deg(g)2αN, (9)
where deg(g) is defined by Iω(g)= deg(g)(2αN). Let Im a˜H (Fixφ) be the image of F˜ixφ
by a˜H ; modulo 2αNZ, Im aH (Fixφ) is a finite set. Thus the set
Rφ =R \ Im a˜H (F˜ixφ)
consists of the regular values of the symplectic action aH on Ω˜φ .
Given x ∈ Fix φ ⊂ Ωφ , let x(r) ∈ F˜ixφ ⊂ Ω˜φ be the unique lift of x such that
a˜H (x
(r)) ∈ (r, r + 2αN). Note that if αN = 0 then one already has a Z-graded symplectic
Floer homology as in [2], so we work on the case αN 6= 0. If αN 6= 0, then we choose
r <min{a˜H (Fixφ), (mod 2αN)} in the interval (0,2αN). So there exists a unique element
x such that a˜H (x(r)) ∈ (r, r+2αN). Let µ(r)(x)= µ(x(r), z0) ∈ Z and define the Z-graded
symplectic Floer cochain group
C(r)n (φ;P,J )= Z
{
x ∈ Fixφ | µ(r)(x)= n ∈ Z}, (10)
as the free Z-module generated by x ∈ Fixφ with the lift x(r) satisfying µ(x(r), z0) = n.
If z0 is another choice of a base point and g(z0)= z0 for some covering transformation g,
then the corresponding choice of lift x(r) of x is just g(x(r)). Note that the integral Maslov
index µ(r)u (x) is independent of the choice of the base point z0 used in the definition of a˜H
by (9). The following lemma shows that the lift of the functional aH is compatible with a
universal lift of R/2αNZ(∼= S1).
Lemma 2.3. The lift of the symplectic action over Ω˜φ is compatible with the lift of the
Maslov index: for g ∈ pi2(P ) with deg(g)= n in the sense of (9),
a˜H
(
g(z0)
)= 2αnN if and only if µ(r)(g(z0), z0)= 2nN.
Proof. The result follows from the definition of Ω˜φ and the monotonicity of (P,ω). So
the Maslov index also provides an integral lifting of the element x ∈ Fixφ. 2
Definition 2.4. An integral Floer coboundary map ∂(r) :C(r)n−1(φ;P,J )→ C(r)n (φ;P,J )
is defined by
∂(r)x =
∑
y∈C(r)n (φ;P,J )
#M̂(x, y) · y,
where M(x, y) is the union of one-dimensional components of moduli spaces of J -
holomorphic curves and M̂(x, y) =M(x, y)/R is the zero-dimensional quotient with
respect to the action of R by translation. The number #M̂(x, y) counts the points with
sign in [6].
Note that the coboundary map ∂(r) only counts part of Floer’s coboundary map
in [2]. The Floer coboundary map δ counts 1-dimensional components of the moduli
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spaces M(x, y) with µ(y) − µ(x) ≡ 1 (mod2N). We are going to show that ∂(r) ◦
∂(r) = 0. The corresponding cohomology is the Z-graded symplectic Floer cohomology
I
(r)∗ (φ;P,J ),∗ ∈ Z. See [9,11] for the following.
Proposition 2.5. Suppose that the elements in Fixφ are nondegenerate.
(i) If u ∈ P(x, y) for x, y ∈ Fix φ and u˜ is any lift of u, then µu˜ = µ(r)(y)−µ(r)(x).
(ii) There is a dense subset J∗(φ) ⊂ Jreg(φ) of J such that (1) the zero-dimensional
component of M̂(x, y) for µ(y)− µ(x) = 1 is compact, and (2) the one-dimen-
sional component of M̂(x, z) for µ(z) − µ(x) = 2 is compact up to codimen-
sion-one boundary strata given by the space of trajectories M̂(x, y)×M̂(y, z) for
J ∈ J∗(φ).
Proposition 2.5 plays the key role in showing that δ ◦ δ = 0 (see [11, §3]). We follow
Floer’s argument to show that ∂(r) ◦ ∂(r) = 0. We assume that N 6= 1 to avoid a difficulty
that arises when trying to prove 〈δ ◦ δx, x〉 = 0. The case N = 1 depends on understanding
〈∂(r) ◦ ∂(r)x, x〉, which does not enter in the proof of 〈∂(r) ◦ ∂(r)x, y〉 for x 6= y , and
also depends on understanding contributions from holomorphic bubbling spheres with
Ic1 = 2N = 2 in ∂(r) ◦ ∂(r). The Z-graded symplectic coboundary is not well-defined for
N = 1 at this moment, and we leave it to future study. For this reason, we will always
assume N 6= 1 throughout this paper.
Lemma 2.6. Under the hypothesis of Proposition 2.5 if N 6= 1, then ∂(r) ◦ ∂(r) = 0.
Proof. If x ∈ C(r)n−1(φ;P,J ), then by definition the coefficient of z ∈ C(r)n+1(φ;P,J ) in
∂(r) ◦ ∂(r)(x) is∑
y∈C(r)n (φ;P,J )
#M̂(x, y) · #M̂(y, z). (11)
By Proposition 2.5, the boundary of the one-dimensional manifold M̂(x, z)=M(x, z)/R
corresponds to the space of trajectories M̂(x, y)×M̂(y, z). Every element in M̂(x, y)×
M̂(y, z) contributes an algebraic number (±1) to the coefficient of z. The element
(u, v) ∈ M̂(x, y)×M̂(y, z) corresponds to an oriented boundary point of M̂(x, z) with
y ∈ C(r)n (φ;P,J ) by the definition of ∂(r). Since M̂(x, z) is 1-dimensional, there
must be another oriented boundary point of M̂(x, z) corresponding to the end (u, v) ∈
M̂(x, y)×M̂(y, z). Let (u′, v′) be the oriented boundary point which corresponds to the
component containing (u, v). Thus u′ ∈M(x, y ′) and v′ ∈M(y ′, z) for some y ′ ∈ Fixφ.
A priori y ′ need not be in C(r)n (φ;P,J ). But the one-parameter family of paths from x to
z (asymptotics) with one end (u, v) and the other end (u′, v′) is a component of M̂(x, z).
If we lift u to u˜ ∈ M̂(x(r), y˜), then
1= µu˜ = µ(r)(y˜)−µ(r)(x)= µ(r)(y˜)− (n− 1). (12)
So µ(r)(y˜)= n; and y˜ = y(r) is the preferred lift, thus we have u˜ ∈ M̂(x(r), y(r)). Similarly
v˜ ∈ M̂(y(r), z(r)). Since (u′, v′) is homotopic to (u, v) rel (x, z), the lift (u˜′, v˜′) is also a
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path from x(r) to z(r) (asymptotics). The symplectic action a is non-decreasing along the
gradient trajectory u˜′ with u˜′(−∞)= x(r) and u˜′(+∞)= y˜ ′, so we have
r < a˜H (x
(r))6 a˜H (y˜ ′)6 a˜H (z(r)) < r + 2αN. (13)
By the uniqueness, y˜ ′ = (y ′)(r) and using (12) with u replaced by u′, we have
µ(r)
(
(y ′)(r)
)= µ(r)(x(r))+ 1= n;
so (y ′)(r) ∈ C(r)n (φ;P,J ). So (u′, v′) contributes to the sum (11) with the opposite
sign as does (u, v). The argument works for each element in M̂(x, y)×M̂(y, z) with
y ∈ C(r)n (φ;P,J ), so the sum (11) is zero. 2
Now (C(r)n (φ;P,J ), ∂(r)n )n∈Z is indeed a Z-graded symplectic Floer cochain complex.
We call its cohomology Z-graded symplectic Floer cohomology, denoted by
I (r)∗ (φ;P,J )=H ∗
(
C(r)∗ (φ;P,J ), ∂(r)
)
, ∗ ∈ Z.
From the construction we have that
(1) if [r, s] ⊂ Rφ, then I (r)∗ (φ;P,J )= I (s)∗ (φ;P,J ); (14)
(2) I (r)∗+(2N)(φ;P)= I (r+(2αN))∗ (φ;P), (15)
where 2αN(> 0) is the minimal number in Im Iω|pi2(P ).
Let {(J λ,φλ)}λ∈R be an one-parameter family that interpolates from (J 0, φ0) to
(J 1, φ1) and is constant in λ outside [0,1]. Define the perturbed J -holomorphic curve
equation
∂J λuλ(s, t)= ∂uλ
∂t
+ J λs
∂uλ
∂s
= 0, (16)
with the moving conditions
uλ(s + 1, t)= φλ1
(
uλ(s, t)
)
. (17)
This directly generalizes the J -holomorphic curve equation in the case of (J 0, φ0) and
(J 1, φ1). We define
C
(r)
φ =min
{
a˜H (x
(r))− r,2αN + r − a˜H (x(r)) | x ∈ Fixφ
}
.
Note that every element in Fixφ is isolated and nondegenerate. For each x ∈ Fixφ, there
is an open neighborhood Ux in Ωφ such that (1) Ux is evenly covered in Ω˜φ , (2) for each
z ∈Ux , |a˜H (z)− a˜H (x)|<C(r)φ /8. There is a finite subcover {Ux1, . . . ,Uxk} of Fixφ, and
by Gromov’s compactness theorem [5,9,11] we have ε1 > 0 such that if ‖Da˜H (z)‖L31 < ε1
then z ∈⋃ki=1Uxi . Let ε =min{ε1,C(r)φ /8}. We choose a deformation {J,φ} satisfying the
usual perturbation requirements in [5,9,11], and also satisfying
(i)
∣∣Ht(z)∣∣< 12ε, (ii) ∥∥∇JHt(z)∥∥L31 < 12ε, (18)
for all z ∈ Ωφ . These deformation conditions can be achieved by the density statement
in [5,7]. Let P1,ε/2 be the set of {J λ,Hλt } which satisfy these extra conditions (18). The
moduli space Mλ(x, y) of (16) and (17) has the same analytic properties as the moduli
spaceM(x, y) except for the translational invariance (see Theorem 4 in [2,11,23]).
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Definition 2.7. For each n, define a homomorphism φn01 :C
(r)
n (φ
0;P,J 0)→ C(r)n (φ1;
P,J 1) by
φn01(x0)=
∑
x1∈C(r)n (φ1;P,J 1)
#M0λ(x0, x1) · x1.
Theorem 2.8. For any continuation (J λ,φλ) ∈ P1,ε/2 which is regular at the ends,
(i) the homomorphism {φ∗01}∗∈Z is a cochain map, i.e.,
∂
(r)
n,1 ◦ φn01 = φn01 ◦ ∂(r)n,0,
for all n ∈ Z;
(ii) there exists an isomorphism which is induced from {φ∗01}∗∈Z, still denoted by φn01 for
all n ∈ Z,
φn01 : I (r)n (φ;P,J 0)→ I (r)n (φ;P,J 1).
Proof. The proof follows from the same argument as in [2,7,13] and the method of the
proof of Lemma 2.6. 2
Remark. Our Z-graded symplectic Floer cohomology is a local symplectic invariant of
(P,φ). For φt0 and φt1 close enough in the sense of (18), we have a natural isomorphism
between their Z-graded symplectic Floer cohomologies.
2.3. The spectral sequence for the symplectic Floer cohomology
In this subsection we are going to show that the Z-graded symplectic Floer cohomology
I
(r)∗ (φ;P) for r ∈Rφ and ∗ ∈ Z determines the Z2N -graded symplectic Floer cohomology
HF∗sym(φ,P ) (∗ ∈ Z2N). The way to link them together is to filter the Z-graded symplectic
Floer cochain complex. The filtration, by a standard method in algebraic topology, defines
a spectral sequence which converges to the Z2N -graded symplectic Floer cohomology
HF∗sym(φ,P ). Hence the local information combined with all quantum effects (higher
differentials) gives the global information (see also [13,14,19]).
All the higher differentials dk (k > 1) in the spectral sequence count the quantum effect
from the J -holomorphic curves. The contribution of dk (k > 1) is not from the Morse-
type connecting orbits. But for φ ∈ Symp0(P,ω) there are possible J -holomorphic curves
which contribute nontrivially to some higher differentials. The spectral sequence integrates
the Morse-type trajectories with the quantum effect of J -holomorphic curves.
Definition 2.9. For r ∈Rφ, j ∈ Z2N and n≡ j (mod 2N), define a free Z-module
F (r)n C
j (φ;P,J )=
∑
k>0
C
(r)
n+(2N)k(φ;P,J ),
which gives a natural decreasing filtration on C∗(φ;P,J ) (∗ ∈ Z2N).
There is a finite length decreasing filtration of Cj(φ;P,J ) (j ∈ Z2N):
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· · ·F (r)n+(2N)Cj (φ;P,J ) ⊂ F (r)n Cj (φ;P,J )
⊂ F (r)n−(2N)Cj (φ;P,J )⊂ · · · ⊂ Cj(φ;P,J ). (19)
Cj(φ;P,J )=
⋃
n≡j (mod 2N)
F (r)n C
j (φ;P,J ). (20)
Note that the symplectic action is non-decreasing along the gradient trajectories. It follows
that the coboundary map δ :F (r)n Cj (φ;P,J )→ F (r)n+1Cj+1(φ;P,J ) (in [2, Theorem 4])
preserves the filtration in Definition 2.9. Thus the Z2N -graded symplectic Floer cochain
complex (Cj (φ;P,J ), δ)j∈Z2N has a decreasing bounded filtration (F (r)n C∗(φ;P,J ), δ),
· · · F (r)n+2NCj (φ;P,J )
∂(r)
⊂ F (r)n Cj (φ;P,J )
∂(r)
· · · ⊂ Cj (φ;P,J )
δ
· · · F (r)n+(2N)+1Cj+1(φ;P,J ) ⊂ F (r)n+1Cj+1(φ;P,J ) · · · ⊂ Cj+1(φ;P,J )
(21)
Lemma 2.10.
(1) The cohomology of the vertical cochain subcomplex F (r)n C∗(φ;P,J ) in the
filtration (21) is F (r)n I (r)j (φ;P,J ).
(2) There is a natural bounded filtration for the Z-graded symplectic Floer cohomology
{I (r)∗ (φ;P,J )}∗∈Z, namely,
· · ·F (r)n+(2N)HFj (φ;P,J ) ⊂ F (r)n HFj (φ;P,J )
⊂ F (r)n−(2N)HFj (φ;P,J )⊂ · · · ⊂ I (r)j (φ;P,J ),
where
F (r)n HF
j (φ;P,J )= ker(I (r)j (φ;P,J )→ F (r)n−(2N)I (r)j (φ;P,J )).
Proof. The results follow from Definition 2.9 and standard results in [24, Chapter 9]. 2
Theorem 2.11.
(i) There is a spectral sequence (Ekn,j ,dk) with
E1n,j (φ;P,J )∼= I (r)n (φ;P,J ), n≡ j (mod (2N)),
and the higher differential dk maps Ekn,j (φ;P,J ) into Ekn+(2N)k+1,j+1(φ;P,J ),
and
E∞n,j (φ;P,J )∼= F (r)n HFj (φ;P,J )/F (r)n+(2N)HFj (φ;P,J ).
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(ii) The spectral sequence (Ekn,j ,dk) converges to HF∗sym(φ,P ) (the Z2N -graded
symplectic Floer cohomology).
Proof. (i) Note that
F (r)n C
j (φ;P,J )/F (r)n+(2N)Cj (φ;P,J )= C(r)n (φ;P,J ).
It is standard from [24] that there exists a spectral sequence (Ekn,j ,dk) with E1 given by
the cohomology of F (r)n Cj (φ;P,J )/F (r)n+(2N)Cj (φ;P,J ), so we have E1n,j (φ;P,J ) ∼=
I
(r)
n (φ;P,J ) and E∞n,j (φ;P,J ) is isomorphic to the bigraded Z-module associated to the
filtration F (r) of the Z-graded symplectic Floer cohomology I (r)n (φ;P,J ).
(ii) Since Fixφ is a finite set of nondegenerate fixed points, the filtration F (r) is bounded
and complete from (19) and (20). Thus the induced spectral sequence converges to theZ2N -
graded symplectic Floer cohomology. Note that the grading is unusual (jumping by 2N in
each step), we list the terms for Zk∗,∗(φ;P,J ) and Ek∗,∗(φ;P,J ).
Zkn,j (φ;P,J ) =
{
x ∈ F (r)n Cj (φ;P,J ) | δx ∈ F (r)n+1+(2N)kCj+1(φ;P,J )
}
,
Z∞n,j (φ;P,J ) =
{
x ∈ F (r)n Cj (φ;P,J ) | δx = 0
}
,
Ekn,j (φ;P,J ) = Zkn,j (φ;P,J )/
{
Zk+1n+(2N),j (φ;P,J )
+ δZk−1n+(k−1)(2N)−1,j−1(φ;P,J )
}
,
E∞n,j (φ;P,J ) = Z∞n,j (φ;P,J )/
{
Z∞n+(2N),j (φ;P,J )
+ δZ∞n+(k−1)(2N)−1,j−1(φ;P,J )
}
.
Thus the Floer coboundary map δ induces the higher differential
dk :Ekn,j (φ;P,J )→Ekn+(2N)k+1,j+1(φ;P,J ). 2
Note that the differential dk counts the one-dimensional moduli space M̂(x, y) such that
−µ(r)(x)+µ(r)(y)= 2kN + 1.
Theorem 2.12.
(1) For any continuation (J λ,φλ) ∈ P1,ε/2 which is regular at the ends, there exists an
isomorphism
E1n,j (φ;P,J 0)∼=E1n,j (φ;P,J 1).
(2) For each k > 1, Ekn,j (φ;P,J ) are symplectic invariants under continuous deforma-
tions of (J λ,φλ) within the set of continuations.
Proof. Clearly (2) follows from (1) by Theorem 1 in [24, p. 468]. By Theorem 2.11, we
have an isomorphism E1n,j (φ
0;P,J 0) ∼= I (r)n (φ0;P,J 0), so there exists an isomorphism
from Section 3: I (r)n (φ;P,J 0)→ I (r)n (φ;P,J 1) which is compatible with the filtration.
Such an isomorphism induces an isomorphism on the E1 term. 2
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Now we can see that Ekn,j (φ;P,J )= Ekn,j (φ;P) (k > 1) and E1n,j (φ;P)= I (r)n (φ;P)
(r ∈ Rφ) are approximations of the symplectic invariant provided N 6= 1. All these local
symplectic invariants should contain more information on (P,ω;φ). They are also finer
than HF∗sym(φ,P ), ∗ ∈ Z2N . In particular, the minimal k for which Ek = E∞ should
be meaningful. We denote it by k(φ,P ). There are some interesting relations among
k(φ,P ),α,2N and the Hofer energy of φ which studied in [13, §5] .
Corollary 2.13. For j ∈ Z2N ,∑
k∈Z
I
(r)
j+(2N)k(φ;P)=HFjsym(φ,P )
if and only if all the differentials dk in the spectral sequence (Ekn,j ,dk) are trivial (i.e.,
k(φ,P )= 1).
For φ close to the identity, I (r)∗ (φ;P) ∼= H ∗(P ), so HF∗sym(φ,P ) is isomorphic to the
cohomology of (P,ω) for φ ∈Ham(P,ω) since all dk = 0 (k > 1) by Theorem 5 in [2]. In
general, we see that∑
k∈Z
I
(r)
j+(2N)k(φ;P) 6=HFjsym(φ,P ) for j ∈ Z2N for φ ∈ Symp0 (P,ω).
The Z-graded symplectic Floer cohomology I (r)∗ (φ;P) can be thought as a first-order
approximation of HF∗sym(φ,P ), ∗ ∈ Z2N . I (r)∗ (φ;P) is measured by the classical Morse
orbits for φ close to the identity. As φ moves away from the identity in the path component
of Symp0 (P,ω), the higher differentials may contribute nontrivially in HF∗sym(φ,P ), and
their coefficients are counted from J -holomorphic curves which are not classical Morse
orbits. Therefore the differential dk measures the quantum effect of the energy level 2αNk
for k > 1.
3. Künneth formulae for the symplectic Floer cohomology
In this section, we prove Künneth formulae for the Z-graded symplectic Floer
cohomology and the Z2N -graded symplectic Floer cohomology. It is not obvious at all
what the Künneth formula for the Z2N -graded symplectic Floer cohomology should be if
HF∗sym(P,φ) 6= H ∗(P ), ∗ ∈ Z2N . The Z-graded symplectic Floer cochain groups of the
product symplectic manifolds (P×P, ω⊕ω; φ×φ) are given by the tensor product of two
Z-graded Floer cochain complexes C(r)∗ (φ,P ) in terms of each factor. Our construction
is compatible with the filtration defined in Lemma 2.10, so there is an induced Künneth
formula on each spectral sequence in Theorem 2.12 with PID coefficients. Thus our cross
product for the symplectic Floer homology is in the spirit of algebraic topology. The basic
step is to show that there is a well-defined cross product from the Künneth formula for the
Z-graded symplectic Floer cohomology.
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3.1. The Künneth formula for the Z-graded symplectic Floer cohomology
For a monotone symplectic manifold (P,ω), we form a Cartesian product (P×P, ω⊕
ω) with its compatible almost complex structure J1 ⊕ J2. Let α(> 0) be the coefficient in
the monotonicity Iω = αIc1(P ). By the basic properties that pi2(P×P) = pi2(P )×pi2(P )
and c1(P×P)= c1(P )⊗1+ 1⊗c1(P ), the symplectic product manifold (P×P, ω⊕ω) is
also monotone, with the coefficient α, i.e., Iω⊕ω = αIc1(P×P) for α > 0.
Let pii :P×P → P be the projection on the ith factor (i = 1,2). The space of
contractible paths in P×P is
Ωφ×φ =
{
γ :R→ P×P | γ (s + 1)= (φ×φ)(γ (s)),
[(φ×φ)−1 ◦ γ ] = 0 ∈ pi1(P×P)
}
.
The path γ ∈Ωφ×φ if and only if piiγ ∈Ωφ (i = 1,2). It is clear that Ωφ×φ =Ωφ×Ωφ
and the symplectic action aφ×φ :Ωφ×φ → R/(2αNZ + 2αNZ) is just the sum of two
symplectic actions on Ωφ . By choosing a smooth map R→ J (P,ω) ⊕ J (P,ω) with
Jis = φ∗Ji(s+1) (i = 1,2), we have an obvious L2-metric on Ωφ×φ .
Lemma 3.1.
(1) Fix (φ×φ)= Fix φ×Fix φ as sets.
(2) The regular values of aφ×φ are the set
Rφ×φ =R \
{
r1 + r2: ri = a˜H (x˜i), xi ∈ Fixφ
}
.
Proof. We only need to verify (2). From (1), we have
aφ×φ(x, y)= aH (x)+ aH (y) (mod 2αNZ),
Note that Im aH(Fixφ) is a finite set modulo 2αNZ. Hence the set of regular values for
aφ×φ is the complementary set of a˜H (x(r1))+ a˜H (y(r2)) for x, y ∈ Fixφ. 2
Remark. In general, it is not true that r1, r2 ∈Rφ implies r1 + r2 ∈Rφ×φ .
Note that the set Im a˜H (F˜ix φ)∩ (0,2αN] is finite and there is a minimal number
Lφ =min
{
aH (x) 6= 0 (mod 2αN), x ∈ Fixφ
} ∈ (0,2αN]. (22)
If aH (x0) = 0, then there is no nontrivial J -holomorphic strip connecting x0 and z0
by monotonicity. So x0 = z0. If a˜H (x(r)0 ) ≡ 0 (mod 2αN) for all x0 ∈ Fixφ, we define
Lφ = 2αN in this case. Let v :S2 → P be a J -holomorphic (bubbling) sphere in the
compactification of M̂(x0, x). Then we have c1(v) = 2kN (k > 1) and Iω(v) = 2αkN
by the index calculation and the monotonicity. The energy of a J -holomorphic curve u#v
is
Iω(u#v)= Iω(u)+ Iω(v)=
(
aH (x)− aH (x0)
)+ 2αkN > Lφ,
where u ∈M(x0, x). So Lφ characterizes the least energy for J -holomorphic curves
(see [9, Appendix A]).
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Lemma 3.2. For a monotone symplectic manifold (P,ω) with αN 6= 0, we have
Lφ×φ =
{
Lφ if Lφ 6 αN ,
2Lφ − 2αN if αN <Lφ 6 2αN.
Proof. By definition of Lφ×φ and Lemma 3.1,
Lφ×φ =min
{
aH (Fixφ)+ aH (Fixφ) 6= 0 (mod 2αN)
}∩ (0,2αN].
If Lφ 6 αN , then there exists x ∈ Fixφ such that aH (x) ≡ Lφ (mod 2αN). Hence
aφ×φ(x, x) ≡ 2Lφ (mod2αN) > Lφ . We claim that aφ×φ(x, z0) achieves the minimal
value. If Lφ = αN , then the result for Lφ×φ = Lφ follows by definition. Suppose that
there exists (x, y) ∈ Fix(φ×φ) such that
aH (x)+ aH (y) (mod 2αN) < Lφ. (23)
By the definition of Lφ ( 6= αN ), we have that Lφ 6 aH (x) and Lφ 6 aH (y) (mod 2αN).
Thus
0 6= 2Lφ 6 aH (x)+ aH (y) (mod 2αN),
which contradicts (23).
If αN <Lφ 6 2αN , then aφ×φ(x, x)= 2Lφ > 2αN . Hence we have
aφ×φ(x, x)− 2αN = 2Lφ − 2αN ∈ (0,2αN] (mod 2αN),
and Lφ > 2Lφ − 2αN which is equivalent to αN < Lφ 6 2αN . Suppose that there exists
(x, y) ∈ Fix(φ×φ) such that
aφ×φ(x, y)= aH (x)+ aH (y) < 2Lφ − 2αN (mod 2αN). (24)
On the other hand, we have Lφ 6 aH (x),Lφ 6 aH(y). So 2Lφ 6 aH (x)+ aH (y). From
the condition 2Lφ > 2αN , we have
2Lφ − 2αN 6 aH (x)+ aH (y) (mod 2αN),
which contradicts (24). Thus we obtain the result. 2
In the following, we give a well-defined cochain complex for the product of a monotone
symplectic manifold (P×P,ω⊕ω). Such a cochain complex turns out to be the right one
for the Künneth formula of the product manifold.
Definition 3.3. For r1, r2 ∈Rφ and r1 + r2 ∈Rφ×φ ,
C(r1,r2)n (φ×φ;P×P,J1×J2)
= {(x1, x2) ∈ Fix(φ×φ) | ri < aφ(x(ri)i ) < ri + 2αN, i = 1,2;
µ(r1,r2)((x1, x2), (z0, z0))= n
}
,
for n ∈ Z, where µ(r1,r2)((x1, x2), (z0, z0))= µ(r1)(x1, z0)+µ(r2)(x2, z0).
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Lemma 3.4. Let r = Lφ×φ/8 ∈ Rφ (hence 2r ∈ Rφ×φ ). There is a natural isomorphism
between the symplectic Floer cochain complexes for the coherent orientations⊕
n1+n2=n
C(r)n1 (φ,P,J1)⊗C(r)n2 (φ,P,J2)∼= C(r,r)n (φ×φ;P×P,J1×J2).
Proof. For xi ∈ C(ri)ni (φ,P,Ji) (i = 1,2) and r1 = r2 = r , we have that µ(ri)(xi) =
µui (x
(ri)
i , z0) = ni . By the additivity of the Maslov index for the product symplectic
manifold [1],
µ(r1,r2)(x
(r1)
1 , x
(r2)
2 ) = µ(r1,r2)
(
(x
(r1)
1 , x
(r2)
2 ), (z0, z0)
)
= µ(r1)(x(r1)1 , z0)+µ(r2)(x(r2)2 , z0)
= n1 + n2.
Note that µ(r1,r2)(x(r1)1 , x
(r2)
2 ) = µ(gkx(r1)1 , g−1k x(r2)2 ), but aH(g±1k x(ri)i ) is not in the
interval (ri, ri + 2αN) for k 6= 0. Thus none of the elements (gkx(r1)1 , g−1k x(r2)2 ) (k 6= 0)
belongs to the cochain group C(r1,r2)n (φ×φ;P×P,J1×J2). In particular µ(r1,r2)(x1, x2)=
µ(x
(r1)
1 , x
(r2)
2 ). So (x1, x2) ∈C(r1,r2)n (φ×φ;P×P,J1×J2). The rest is straightforward. 2
In fact, C(r1,r2)n (φ×φ;P×P,J1×J2) is well-defined for ri ∈ Rφ and r1 + r2 ∈ Rφ×φ .
The cochain group C(r1,r2)n (φ×φ;P×P,J1×J2) differs from C(r,r)n (φ×φ;P×P,J1×J2)
by degree shifting on each factor as in (14).
Remark. Note that C(r1+r2)n (φ×φ;P×P,J1×J2) is not well-defined even for r1 + r2 ∈
Rφ×φ in the following sense: for xi ∈ C(ri)ni (φ,P,Ji ) (i = 1,2) there are infinitely many
(gkx
(r1)
1 , g
−1
k x
(r2)
2 ) with the properties aφ×φ(gkx
(r1)
1 , g
−1
k x
(r2)
2 ) ∈ (r1 + r2, r1 + r2 + 2αN)
and µ(r1+r2)(gkx(r1)1 , g
−1
k x
(r2)
2 ) = n1 + n2 = n for gk ∈ pi1(Ωφ) with degg = k. This
is why the cochain group C(r1,r2)n (φ×φ;P×P,J1×J2) for the product of manifolds in
Definition 3.3 is well-defined over Z.
Definition 3.5. The coboundary map
∂(r1,r2)n :C(r1,r2)n (φ×φ;P×P,J1×J2)→ C(r1,r2)n+1 (φ×φ;P×P,J1×J2),
is given by
∂(r1,r2)n
(
(x1, x2)
)= ∑
−µ(r1,r2)((x1,x2))+
µ(r1,r2)((y1,y2))=1
#M̂J1×J2
(
(x1, x2), (y1, y2)
) · (y1, y2).
Lemma 3.6. ∂(r1,r2)n is well-defined, and it satisfies ∂(r1,r2)n = ∂(r1)n ⊗1± 1⊗∂(r2)n .
Proof. We have µu˜((x(r1)1 , x
(r2)
2 ), (y˜1, y˜2)) = 1 for u˜ ∈ M˜J1×J2((x(r1)1 , x(r2)2 ), (y˜1, y˜2)).
By the product structure, u˜ = (u˜1, u˜2) is J1×J2-holomorphic if and only if u˜i is Ji -
holomorphic (i = 1,2). Thus the Maslov index is given by
µu1(x
(r1)
1 , y˜1)+µu2(x(r2)2 , y˜2)= 1, (25)
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and the symplectic actions satisfy:
r1 < a˜H (x
(r1)
1 )6 a˜H (y˜1),
r2 < a˜H (x
(r2)
2 )6 a˜H (y˜2).
If a˜H (y˜1) > r1 + 2αN , then Iω(u˜1)= a˜H (y˜1)− a˜H (x(r1)1 ) > 2αN . By Lemma 2.3, there
exists l > 1 with degg−l =−l such that
2αN > Iω(u1#g−l )= Iω(u1)+ 2 deg(g−l )αN > 0,
so we obtain the following:
µu˜1#g−l (x
(r1)
1 , y˜1)= µu˜1(x(r1)1 , y˜1)− 2Nl > 0,
and µu˜1(x
(r1)
1 , y˜1) > 2Nl > 2N . Thus by (25) we have that µu˜2(x(r2)2 , y˜2) < 0 for u˜2 ∈
M˜J2(x(r2)2 , y˜2) which contradicts M˜J2 6= ∅. So r1 < a˜H (y˜1) < r1 + 2αN . Therefore
y˜1 = y(r1)1 . Similarly we have y˜2 = y(r2)2 .
If µu˜1(x
(r1)
1 , y
(r1)
1 )= 0 for u˜1 ∈ M˜0J1(x
(r1)
1 , y
(r1)
1 ), then Iω(u˜1)= 0 by monotonicity (see
also [2, Proposition 1b]). Thus we have ∂J 1u˜1 = 0 and ∂J1 u˜1 = 0, hence u˜1 is a constant
map u˜1(−∞)= u˜1(+∞), i.e., x(r1)1 = y(r1)1 .
By Definition 3.5, we only need to consider the following situation. Suppose that
1= µu˜
(
(x
(r1)
1 , x
(r2)
2 ), (y
(r1)
1 , y
(r2)
2 )
)= µu˜1(x(r1)1 , y(r1)1 )+µu˜2(x(r2)2 , y(r2)2 ).
From the monotonicity and the genericity (MJ (x, y) = ∅ if µ(x, y) < 0), we get that
either µu˜1(x
(r1)
1 , y
(r1)
1 )= 1 or µu˜1(x(r1)1 , y(r1)1 )= 0. The Maslov index µu˜1(x(r1)1 , y(r1)1 )= 0
if and only if x(r1)1 = y(r1)1 . By Definition 2.4, we get
∂(r1,r2)n = ∂(r1)n ⊗1± 1⊗∂(r2)n . 2
Although we show that ∂(r1,r2)n = ∂(r1)n ⊗1±1⊗∂(r2)n , we are unable to fix the sign a priori
in Lemma 3.6. It is necessary to check ∂(r1,r2)n ◦ ∂(r1,r2)n = 0 directly from Definition 3.5.
Proposition 3.7. ∂(r1,r2)n ◦ ∂(r1,r2)n = 0. So (C(r1,r2)n (φ×φ,P×P,J1×J2), ∂(r1,r2)n ) is a
cochain complex of the product manifold (P×P,ω⊕ ω;φ×φ) for φ ∈ Symp0(P,ω).
Proof. By definition, the coefficient of (z(r1)1 , z
(r2)
2 ) ∈ C(r1,r2)n+2 (φ×φ,P×P,J1×J2) in
∂
(r1,r2)
n ◦ ∂(r1,r2)n (x1, x2) is given by the counting of points with orientation in the moduli
space ∐
(y1,y2)∈C(r1,r2)n+1 (φ×φ,P×P,J1×J2)
M̂J1×J2
(
(x1, x2), (y1, y2)
)
×M̂J1×J2
(
(y1, y2), (z1, z2)
)
. (26)
The boundary of the 1-dimensional manifold M̂J1×J2((x1, x2), (z1, z2)) corresponds to
one end in (26). The other end of the corresponding component of the 1-dimensional
manifold corresponds to the splitting
M̂J1×J2
(
(x1, x2), (y
′
1, y
′
2)
)×M̂J1×J2((y ′1, y ′2), (z1, z2)), (27)
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by [2, Proposition 1b]. For any lift u˜ ∈MJ1×J2((x(r1)1 , x(r2)2 ), (y˜1, y˜2)), we have that
1= µu˜ = µ(r1,r2)
(
(y˜1, y˜2), (x
(r1)
1 , x
(r2)
2 )
)
= µ(r1,r2)((y˜1, y˜2))− n.
So µu˜((y˜1, y˜2)) = n + 1. By the same argument as in Lemma 3.6, we have (y˜1, y˜2) =
(y
(r1)
1 , y
(r2)
2 ) ∈ C(r1,r2)n+1 (φ×φ,P×P,J1×J2). This is why we can not apply Lemma 2.6
(see also remark after Lemma 3.4). Thus u˜ ∈MJ1×J2((x(r1)1 , x(r2)2 ), (y(r1)1 , y(r2)2 )) and v˜ ∈
MJ1×J2((y(r1)1 , y(r2)2 ), (z(r1)1 , z(r2)2 )). For (u′, v′) in (27), we have that (u, v) is homotopic
to (u′, v′) rel ((x1, x2), (z1, z2)). So the lift (u˜′, v˜′) is also a path starting at (x(r1)1 , x
(r2)
2 )
and ending at (z(r1)1 , z
(r2)
2 ). We obtain
ri < a˜H (x
(ri)
i )6 a˜piiu˜′(y˜
′
i ),
a˜pii v˜′i (y˜
′
i )6 a˜H (z
(ri)
i ) < ri + 2αN, i = 1,2.
So y˜ ′i = (y ′i )(ri ) by the uniqueness and the Maslov index can be calculated by the following:
µ(r1,r2)
(
(y ′1)(r1), (y ′2)(r2)
)
= µ(r1,r2)(x(r1)1 , x(r2)2 )+µ(r1,r2)u′
(
(x
(r1)
1 , x
(r2)
2 ), ((y
′
1)
(r1), (y ′2)(r2))
)
= n+ 1.
Hence ((y ′1)(r1), (y ′2)(r2)) ∈ C(r1,r2)n+1 (φ×φ,P×P,J1×J2) by Definition 3.3. As in Floer’s
proof (see [2,6]), (u′, v′) contributes to the coefficient of (z(r1)1 , z(r2)2 ) with the opposite
sign as does (u, v). Therefore we have that ∂(r1,r2)n+1 ◦ ∂(r1,r2)n = 0. 2
Remark 3.7. By Lemma 3.6, for (x1, x2) ∈ C(r1)n1 (φ,P,J1)⊗C(r2)n2 (φ,P,J2),
∂
(r1,r2)
n1+n2 (x1, x2)= ∂(r1)n1 x1⊗x2 + (−1)f (n1,n2)x1⊗ ∂(r2)n2 x2.
By Proposition 3.7 and Lemma 2.6, we have
0 = ∂(r1,r2)n1+n2+1 ◦ ∂
(r1,r2)
n1+n2 (x1, x2)
= (−1)f (n1+1,n2)∂(r1)n1 x1⊗ ∂(r2)n2 x2 + (−1)f (n1,n2)∂(r1)n1 x1⊗ ∂(r2)n2 x2,
so f (n1, n2)− f (n1+ 1, n2)≡ 1 (mod 2). Without loss of generality, let f (n1, n2) be n1.
Now we have a cochain complex (C(r,r)n (φ×φ,P×P,J1×J2), ∂(r,r)n )n∈Z and its co-
homology I (r,r)n (φ×φ;P×P,J1×J2) = ker∂(r,r)n / Im∂(r,r)n−1 for the product symplectic
manifold P×P .
Theorem 3.8 (Künneth formula for the Z-graded symplectic Floer cohomology). For
r = Lφ×φ/8, there is a short exact sequence for all n ∈ Z,
0 →
⊕
n1+n2=n
I (r)n1 (φ;P)⊗ I (r)n2 (φ;P)→ I (r,r)n (φ×φ;P×P)
→
⊕
n1+n2=n+1
Tor
(
I (r)n1 (φ;P), I (r)n2 (φ;P)
)→ 0.
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Proof. The cochain complex (C(r,r)n (φ×φ,P×P,J1×J2), ∂(r,r)n )n∈Z is a tensor product
of two cochain complexes (C(r)n (φ,P,Ji), ∂(r)n )n∈Z (i = 1,2) by Lemma 3.4. We also
have ∂(r1,r2)n1+n2 = ∂(r1)n1 ⊗1+ (−1)n11⊗∂(r2)n2 by Lemma 3.6 and Proposition 3.7. So the result
follows from algebraic topology methods as in [24, Chapter 5]. 2
3.2. The Künneth formula for the symplectic Floer cohomology
By the unique lifting of (x1, x2) ∈ Fix(φ×φ) in C(r,r)n (φ×φ,P×P,J1×J2), the usual
symplectic Floer cochain groups can be identified as:
Cj(φ×φ,P×P,J1×J2)≡
⊕
n1+n2≡j (mod 2N)
C
(r,r)
n1+n2(φ×φ,P×P,J1×J2).
The natural filtration is given by the following:
F (r,r)n C
j (φ×φ,P×P,J1×J2)=
∑
k>0
C
(r,r)
n+(2N)k(φ×φ,P×P,J1×J2), j ∈ Z2N .
By Lemma 3.4, we have the tensor relation on the filtrations,
F (r,r)n C
j (φ×φ,P×P,J1×J2)
=
⊕
n1+n2=n
F (r)n1 C
j1(φ,P,J1)⊗F (r)n2 Cj2(φ,P,J1), (28)
for ni ≡ ji (mod 2N) (i = 1,2). So the filtration F (r,r)n is compatible with C(r,r)∗ (φ×φ,
P×P,J1×J2) and ∂(r,r)n :F (r,r)n Cj → F (r,r)n+1 Cj+1 by Proposition 3.7.
Proposition 3.9. There is a spectral sequence Ekn,j (φ×φ;P×P,J1×J2) which converges
to the Z2N -graded symplectic Floer cohomology HF∗sym(φ×φ,P×P) with
E1n,j (φ×φ;P×P,J1×J2)∼= I (r,r)n (φ×φ;P×P,J1×J2), n≡ j (mod 2N).
Proof. By Lemmas 3.6 and 3.4, the coboundary map ∂(r,r) is compatible with the filtration.
We obtain
F (r,r)n Cj (φ×φ,P×P)/F (r,r)n+2NCj (φ×φ,P×P)
= C(r,r)n (φ×φ,P×P)
=
⊕
n1+n2=n
F (r)n1 C
j1(φ,P )⊗F (r)n2 Cj2(φ,P )/F (r)n1+2NCj1(φ,P )⊗F
(r)
n2+2NC
j2(φ,P ).
So we have the desired E1-term. The result follows from Section 2 and [24]. 2
Theorem 3.8 and Proposition 3.9 indicate that H ∗(E0(φ,P,J1)⊗E0(φ,P,J2)), the
cohomology of the tensor product of E0’s, need not give E1(φ,P,J1)⊗E1(φ,P,J2)
except in the special case of field coefficients. Due to torsion, it will be too much to ask
for the Künneth formulae of Ek∗,∗(φ×φ;P×P,J1×J2) in terms of Ek∗,∗(φ,P,J1) and
Ek∗,∗(φ,P,J2). For our purpose, there are some properties we can explore in order to get
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cross products for Ek-terms of the spectral sequence and the Z2N -graded symplectic Floer
cohomology. These properties are derived from algebraic topology methods in [24].
Lemma 3.10. For Ekn,j (φ×φ;P×P,J1×J2) in Proposition 3.9, the higher differential dk
is given by
dk|Ekn1 ,j1 (φ,P ,J1)⊗1+ (−1)
n1⊗dk|Ekn2,j2 (φ,P ,J2).
Proof. It is true for k = 0 by §3.1. By the definition of dk (see the proof of Theorem 2.11),
dk :Ekn,j (φ×φ;P×P,J1×J2)→Ekn+2Nk+1,j+1(φ×φ;P×P,J1×J2).
From (28) and modulo Ek−1n,j term, the term Ekn,j is generated by cocycles in F (r,r)n Cj
(φ×φ;P×P,J1×J2). Hence
dk :F (r)n1 C
j1(φ;P,J1)⊗F (r)n2 Cj2(φ;P,J2)
→ {F (r)n1+2Nk+1Cj1+1(φ;P,J1)⊗F (r)n2 Cj2(φ;P,J2)}
⊕ {F (r)n1 Cj1(φ;P,J1)⊗F (r)n2+2Nk+1Cj2+1(φ;P,J2)}.
Thus we have
dk = dk|Ek(φ;P,J1)⊗1± 1⊗dk|Ek(φ;P,J2),
from the very definition of dk|Ek(φ,P ,Ji) (i = 1,2). Note that dk ◦ dk = 0 follows from
the monotonicity and the method in Proposition 3.7. The sign is determined by the same
argument as in Remark 3.7. 2
The spectral sequence Ekn,j (φ×φ;P×P,J1×J2) is a tensor product of spectral
sequences by Lemma 3.10. The torsion part in Theorem 3.8 makes it difficult to have
Künneth formulae for the Ekn,j (φ×φ;P×P,J1×J2) terms in the spectral sequence.
Instead, we can formulate cross products through the spectral sequence. The cross product
and the Künneth formula for the instanton Floer cohomology are discussed in [12] via a
very different approach.
By Theorem 3.8 and Proposition 3.9, there is a well-defined cross product map
h1 :E1n1,j1(φ,P,J1)⊗E1n2,j2(φ,P,J2)→E1n1+n2,j1+j2(φ×φ;P×P,J1×J2).
The cross product h1 satisfies the bilinear property. Next we show that such a cross product
is preserved under the spectral sequence in Theorem 2.11. So modulo the torsion, there
are induced cross products as morphisms from one spectral sequence to another spectral
sequence. The corresponding higher differentials commute with induced cross products.
Hence there are induced cross products on the next term in the spectral sequence and
eventually on the Z2N -graded symplectic Floer cohomology.
Lemma 3.11. The map h1 is a morphism from E1∗,∗(φ,P,J1)⊗E1∗,∗(φ,P,J2) to the
spectral sequence E1∗,∗(φ×φ;P×P,J1×J2), i.e.,
d1h1(x⊗y)= h1(d1|E1n1,j1 (φ,P ,J1)x⊗y)+ (−1)
n1h1(x⊗d1|E1n2 ,j2 (φ,P ,J2)y).
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Proof. The morphism h1 is induced by
h0 :E0n1,j1(φ,P,J1)⊗E0n2,j2(φ,P,J2)→E0n1+n2,j1+j2(φ×φ;P×P,J1×J2),
which is given by the tensor product for the Z-graded symplectic Floer cochain complex
by Lemma 3.4: h0(x⊗y)= x⊗y . By (28) and Proposition 3.9,
d0h0(x⊗y) = ∂(r,r)n (x⊗y)
= (∂(r)n1 x⊗y)+ (−1)n1(x⊗ ∂(r)n2 y)
= h0(d0|E0(φ,P ,J1)x⊗y)+ (−1)n1h0(x⊗d0|E0(φ,P ,J2)y). (29)
The morphism h1 is the composite of the following maps:
E1(φ,P,J1)⊗E1(φ,P,J2)
∼=H ∗(E0(φ,P,J1))⊗H ∗(E0(φ,P,J2))
→H ∗(E0(φ,P,J1)⊗E0(φ,P,J2)) (by Theorem 3.8)
→H ∗(E0(φ×φ;P×P,J1×J2))
∼=E1(φ×φ;P×P,J1×J2). (30)
For xi ∈ Z1(φ,P,Ji ) (i = 1,2), we have h1(x1⊗x2) = [x1⊗x2] as a cohomology class
by the Künneth formula (Theorem 3.8). So d1h1(x1⊗x2) satisfies the desired identity
modulo B1(φ,P,J1)⊗Z1(φ,P,J2)+Z1(φ,P,J1)⊗B1(φ,P,J2) by Lemma 3.10. 2
By Lemma 3.11 and the construction of the spectral sequence, we have
E2n1,j1(φ,P,J1)⊗E2n2,j2(φ,P,J2)
∼=H ∗(E1n1,j1(φ,P,J1))⊗H ∗(E1n2,j2(φ,P,J2))
→H ∗(E1n1,j1(φ,P,J1)⊗E1n2,j2(φ,P,J2))
h1∗→H ∗(E1n1+n2,j1+j2(φ×φ;P×P,J1×J2))
∼=E2n1+n2,j1+j2(φ×φ;P×P,J1×J2). (31)
The first arrow follows from Lemma 3.10 for k = 1, and the second from Lemma 3.11 as
a morphism between spectral sequences. The composition in (31) defines
h2 :E2n1,j1(φ,P,J1)⊗E2n2,j2(φ,P,J2)→E2n1+n2,j1+j2(φ×φ;P×P,J1×J2).
Inductively by Lemma 3.10, we have
dkhk(x1⊗x2) = hk(dk|Ekn1 ,j1 (φ,P ,J1)x1⊗x2)
+ (−1)n1hk(x1⊗dk|Ekn2,j2 (φ,P ,J2)x2). (32)
Now we can state our result on the cross products for the spectral sequence and the
Z2N -graded symplectic Floer cohomology in the following.
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Theorem 3.12. For j1, j2 ∈ Z2N , there are cross products for all spectral sequences
Ek∗,∗ (k > 1):
hk :Ekn1,j1(φ,P,J1)⊗Ekn2,j2(φ,P,J2)→Ekn1+n2,j1+j2(φ×φ;P×P,J1×J2),
where Ekn1+n2,j1+j2(φ×φ;P×P,J1×J2) is from Proposition 3.9. The cross products {hk}
converge to a cross product h for the Z2N -graded symplectic Floer cohomology
h : HFj1sym(φ,P )⊗HFj2sym(φ,P )→HFj1+j2sym (φ×φ,P×P).
Proof. For each k, it is easy to check that
hk :Zkn1,j1(φ,P,J1)⊗Zkn2,j2(φ,P,J2)→Zkn1+n2,j1+j2(φ×φ;P×P,J1×J2),
and the map hk also sends Bkn1,j1(φ,P,J1)⊗Zkn2,j2(φ,P,J2)+Zkn1,j1(φ,P,J1)⊗Bkn2,j2
(φ,P,J2) to Bkn1+n2,j1+j2(φ×φ;P×P,J1×J2) by Lemma 3.10 and (32). Here
Zkn,j =
{
x ∈ F (r)n Cj | δx ∈ F (r)n+1+2NkCj+1
}
and
Bkn,j =
{
x ∈ Zkn,j | x ∈ Zk+1n+2N,j + δZk−1n+(k−1)2N−1,j−1
}
(see the proof of Theorem 2.11). There is an induced pairing
h∞n1,n2 :E
∞
n1,j1
(φ,P,J1)⊗E∞n2,j2(φ,P,J2)→E∞n1+n2,j1+j2(φ×φ;P×P,J1×J2).
Thus our cross product for the Z2N -graded symplectic Floer homology is given by
h : HFj1sym(φ,P )⊗HFj2sym(φ,P )→HFj1+j2sym (φ×φ,P×P),
where h is the summation of h∞n1,n2 :
h=
⊕
ni≡ji (mod 2N)
h∞n1,n2 , i = 1,2.
The result follows. 2
Remark. The cross product hk (k > 1) assigns to any pair of classes xi ∈Ekni ,ji (φ,P,Ji)
(i = 1,2) a cohomology class hk(x1⊗x2) ∈ Ekn1+n2,j1+j2(φ×φ,P×P,J1×J2). The hk
gives an exterior product structure on the spectral sequence. For φ ∈ Symp0(P,ω), we
have HF∗sym(φ,P ) 6=H ∗(P ) in general. So the exterior product h on HF∗sym(φ,P ) is the
first operation on the Z2N -graded symplectic Floer cohomology.
The spectral sequence in Proposition 3.9 with PID coefficientsK , by induction on k and
Lemma 3.10, gives
H ∗
(
Ekn1,j1(φ,P,J1)⊗Ekn2,j2(φ,P,J2);K
)
∼=Ek+1n1+n2,j1+j2(φ×φ;P×P,J1×J2;K). (33)
So we have the Künneth formulae for each term of the spectral sequence Ek∗,∗ in
Proposition 3.9 with PID coefficients.
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Corollary 3.13. For j1, j2 ∈ Z2N and PID coefficientsK , there are Künneth formulae for
eachEk as in (33). In particular, there is a Künneth formula for the Z2N -graded symplectic
Floer cohomology:
h :
⊕
j1+j2≡j (mod 2N)
HFj1sym(φ,P ;K)⊗HFj2sym(φ,P ;K)
∼=→HFjsym(φ×φ,P×P ;K).
Remark. For exact isotopies φ and PID coefficients with HF∗sym(φ,P ;K) ∼= I (r)∗ (φ;P ;
K)∼=H ∗(P ;K) (all dk = 0 for k > 1), this corollary is the usual Künneth formula.
From the Künneth formulae for spectral sequences, there are induced “cross products”
on the spectral sequences. The induced cross products converge to the one on the Z2N -
graded symplectic Floer cohomology. Our construction follows from the method of the
multiplicative properties for the spectral sequence (see [24, §9.4]). Our result emphasizes
the exterior product operation on the Z2N -graded symplectic Floer cohomology (which is
not necessarily the same as the cohomology group of the manifold) for φ ∈ Symp0(P,ω).
Example. (1) Let (Cn,ω0) be a standard complex plane with the exact symplectic
structure (the usual one), and Λ ∼= Z2n be a (sufficiently general) lattice. The complex
torus Tn =Cn/Λ has no nontrivial holomorphic spheres by the maximal principle. In fact,
Tn has no nontrivial meromorphic functions at all (see [18]). So the quantum cohomology
ring of Tn is the same as the cohomology ring of Tn, (QH ∗(Tn),∪q ) = (H ∗(Tn),∪),
which is nontrivial. The corresponding cross product is the usual cross product, and it is
also nontrivial.
(2) For the standard lattice Z2n, the real part T n of Tn is a Lagrangian manifold
in the monotone symplectic manifold (Tn,ω0). There is a Hamiltonian isotopy Φ
such that Φ(T n) ∩ T n = ∅ which is certainly possible for the Z2n lattice in Cn. Let
φ be the corresponding symplectic diffeomorphism which is isotopic to the identity.
So φ ∈ Symp0(Tn,ω0) and Fixφ = Φ(T n) ∩ T n = ∅. So the Floer cohomology
HF∗sym(φ,Tn)= {0}. But I (r)∗ (φ;Tn)=H ∗+n(Tn,Z) 6= 0 by Section 2 or [13]. So there is
a nontrivial cross product h1 in E1∗,∗(φ,Tn) which comes from the usual Künneth formula
E1∗,∗(φ,Tn)⊗E1∗,∗(φ,Tn)→ E1∗,∗(φ×φ,Tn×Tn). Note that there is no torsion in this
case for E1∗,∗(φ,Tn), so we obtain the Künneth formula for the E2∗,∗-term by Theorem 3.8:
0 →
⊕
n1+n2=k,j1+j2=j
E2n1,j1(φ,T
n)⊗E2n2,j2(φ,Tn)
→ E2k,j (φ×φ,Tn×Tn)
→
⊕
n1+n2=k+1
Tor
(
E2n1,j1(φ,T
n),E2n2,j2(φ,T
n)
)→ 0.
The quantum effect from dk (k > 1) (depending upon φ) may contain torsion. By
Theorem 3.12, we obtain a trivial cross product h= 0 on E∞∗,∗(φ,Tn)= HF∗sym(φ,Tn)=
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{0}. Our spectral sequence is the precise information to carry out such a degeneration on
HF∗sym(φ,Tn).
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